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E-mail address: jorge.alcala@upc.edu (J. Alcalá).This work concerns systematic ﬁnite element simulations of spherical indentation experiments in solids
with a vast combination of mechanical properties. The simulations are performed with large and small-
strain implementations of the J2-ﬂow and J2-deformation theories of plasticity for frictionless and fric-
tional spherical and parabolic contacts. An in-depth comprehension is gained on the mechanics of the
transition from the elasto-plastic to the fully-plastic indentation regimes, which allows us to (i) propose
general correlations between hardness p, yield strength rys, power-law strain hardening coefﬁcient n, and
Young’s modulus E, enabling mechanical property extractions in polycrystalline metals from hardness
measurements performed at different normalized penetrations a/D, (ii) revisit prior conceptions about
the contact regimes governing spherical indentation experiments, (iii) examine the validity of self-simi-
larity analyses to fully-plastic indentation experiments, and (iv) ﬁnd equivalencies between sharp and
spherical hardness measurements. Strict analogies are ﬁrst established between the transition from
the elasto-plastic to the fully-plastic contact regimes in sharp and spherical indentations. This is accom-
plished by considering a constancy in the relationship between normalized hardness p=r0:1 and E/r0.1 at
different a/D and n values, where r0.1 in the characteristic (representative) indentation strain in the spirit
of Tabor’s analyses. A detailed discussion is then given on the mechanistic origin to the contact deforma-
tion regimes, addressing the role of large deformations and the validity of self-similarity assumptions
upon the spherical indentation behavior. The analysis shows that the elasto-plastic regime has different
mechanistic origins depending on the ranges of a/D and n. Similarly, full-plasticity leads to three distinct
indentation behaviors depending on the proximity of the strain hardening response to the perfectly-plas-
tic model with n = 0, the assumed plasticity theory, and whether material pileup or sinking-in develop.
The overall results are framed in the context of contact deformation maps, describing the evolution from
the elasto-plastic to the fully-plastic regimes. The extraction of mechanical properties from the above
general hardness relations is then confronted against numerous experiments performed in model poly-
crystalline metals, where guidelines are given to reduce the impact of frictional effects and to improve
assessment of the actual rys in the material. Finally, a comprehensive discussion on the accuracy of ﬂow
vs. deformation plasticity theories in the modeling of indentation experiments is provided. It is suggested
that while the ﬂow theory reproduces the contact response in recrystallized polycrystals, deformation
plasticity may be more relevant in predicting hardness values in work-hardened metals.
 2010 Elsevier Ltd. All rights reserved.1. Introduction
The classic mechanistic interpretation to indentation experi-
ments involves their assimilation into so-called elasto-plastic and
fully-plastic contact regimes (Johnson, 1985). A fully-plastic inden-
tation behavior develops in solids whose elastic response can be
neglected whereas, on the contrary, elasto-plastic indentation re-
sponses suggest a break-down in the differentiability of the
stress–strain relation at the material’s yield strength. Knowledgell rights reserved.
+34 93 4016706.of the active contact regime is key when inferring the uniaxial
stress–strain curve from hardness measurements, as different cor-
relations between hardness and mechanical properties need to be
used depending on whether the indentation behavior is elasto-
plastic or fully-plastic.
Tabor’s work is arguably the most inﬂuential investigation in
such mechanical property extractions. In spherical indentation,
hardness p ¼ P=A is taken to be ruled by (Tabor, 1951; Hill et al.,
1989)
p ¼ ar b aD
 n
; ð1Þ
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A = pa2 is the projected contact area, P is the applied indentation
load, a  2.8 and b  0.4 in materials whose uniaxial stress–strain
curve obeys the power-law relation
r ¼ rn: ð2Þ
Eq. (1) thus enables extraction of the strain hardening coefﬁcient n
and ﬂow stress r from a series of hardness measurements per-
formed in metals at different penetration depths. The underlying
contact regime in these experiments is referred to as fully-plastic
because Eq. (2) is only fulﬁlled in the strict absence of linear-elastic
deformations (i.e., for materials with vanishing yield strength, rys).
By virtue of the resemblance in the structure of Eqs. (1) and (2),
ba/D can then be viewed as a characteristic indentation strain, so
that ratio p=a takes the role of the associated characteristic stress.
For sharp indentations, Tabor found that p is proportional to a
characteristic uniaxial stress rr measured at a constant material-
independent uniaxial strain r of  0.08. That is
p ¼ Crr; ð3Þ
so that measurement of pwith a sharp indenter tip provides a single
point (  0.08) in the uniaxial stress–strain curve of the material.
Eq. (3) shares the mathematical structure of the slip-line ﬁeld anal-
yses by Hill et al. (1947) and Lockett (1963) for the penetration of
cones into rigid perfectly-plastic solids (n = 0), where p / rys and
the proportionality constant varies depending on the apical angle
of the tip. By equating the right-hand sides of Eqs. (1) and (3), it
is sensible to assume that the hardness obtained in a spherical
indentation experiment at a particular value of a/D approaches that
measured with a sharp tip. In contrast to sharp indentation, notice
that the structure of Eq. (1) is not maintained in slip-line ﬁeld ana-
lytical approximations to spherical indentation, where a modest but
steady decrease of p with increasing a/D develops for n = 0 (Ishlin-
sky, 1944; Yu and Blanchard, 1996).
Tabor’s seminal conceptions of the characteristic stress and
strain fostered intensive scientiﬁc activity in contact mechanics
and the development of novel methodologies for mechanical prop-
erty extractions through indentation experiments (see, e.g., O’Neill,
1967; Richmond et al., 1974; Hill et al., 1989; Tirupataiah and Sun-
dararajan, 1991; Biwa and Störakers, 1995; Chaudhri, 1996; Lars-
son et al., 1996; Alcalá et al., 1998, 2008; Jayaraman et al., 1998;
Taljat et al., 1998; Mesarovic and Fleck, 1999; Dao et al., 2001;
Larsson, 2001; Ahn and Kwon, 2001; Nayebi et al., 2002; Mata
et al., 2002a; Mata et al., 2002b; Mata and Alcalá, 2003; Bolzon
et al., 2004; Cao and Lu, 2004; Casals and Alcalá, 2005; Ogasawara
et al., 2005; Kim et al., 2006; Kang et al., 2006; Beghini et al., 2006;
Casals et al., 2007; Sonmez and Demir, 2007; He et al., 2007; Cao
et al., 2007; Wenyi et al., 2007; Liu et al., 2009; Jiang et al.,
2009). The mechanical foundations to Eq. (1) were ﬁrst established
by Hill et al. (1989) under a small-strain deformation theory of
plasticity. In that work, geometrical-similarity was invoked in the
scaling of the contact variables, where the spherical tip is approx-
imated through a parabolical (homogeneous) function, as well as in
the assumption that the material pileup/sinking-in responses at
the contact boundary remain constant irrespectively of penetra-
tion. The condition of plastic-similarity was also coined whereby
neglecting linear elasticity, the homogeneous power-law harden-
ing constitutive relation in Eq. (2) was taken to hold true.
By recourse to the J2-associated ﬂow theory of plasticity, the
inﬂuence of more realistic non-proportional loading conditions in
spherical indentation was subsequently evaluated through the ﬁ-
nite element simulations performed by Biwa and Störakers
(1995). In addition to revealing the accuracy of Eq. (1) under the
small-strain formulation of the ﬂow theory, comparison between
experiments and simulations suggested that this theory better
reproduces the indentation response in weak strain hardening sol-ids (say, n < 0.2), whereas deformation plasticity seemingly applies
to strong strain hardening behaviors (say, n > 0.2). To our present
knowledge, the above appears to be the only work comparing pre-
dictions from ﬂow and deformation plasticity theories with actual
indentation experiments. In this sense, it is worthy to recall that
although the ﬂow theory is usually taken to better predict plastic
deformations in polycrystalline metals, deformation plasticity has
been shown to produce more accurate results under particular
loading conﬁgurations (see, e.g., Hutchinson, 1974; Stören and
Rice, 1975; Christoffersen and Hutchinson, 1979; Ore and Durban,
1992). Since methodologies for mechanical property extractions
are univocally predicated upon ﬁnite element simulations that as-
sume the ﬂow theory of plasticity, further comparisons between
experiments and simulations with both theories appear to be in
order.
Elasto-plastic spherical indentations developing in solids with a
marked yield strength, rys, and Young’s modulus, E, were investi-
gated by Mesarovic and Fleck (1999). By recourse to ﬁnite element
simulations performed with a large-strain formulation of the ﬂow
theory of plasticity, the domain of the plastic-similarity regime
governed by Tabor’s relation (Eq. (1)) was found to be severely lim-
ited. The limitations to Eq. (1) raised because of the development of
linear-elastic strains in the lower range of a/D as well as by the
attainment of a so-called large-deformations contact regime at
greater values of a/D, where geometrical-similarity is violated in
the latter because of the inaccuracy of the aforementioned parabol-
ical approximation to the spherical tip. The onset of such a large-
deformations regime was taken to become manifest by a decrease
in hardness with increasing penetration. The work by Mesarovic
and Fleck therefore posed fundamental uncertainties to the practi-
cal use of Eq. (1), since in most metallic alloys with ﬁnite rys, an
overlapping of the elasto-plastic and the large-deformations con-
tact regimes precludes development of the fully-plastic response
governed by Eq. (1). Further investigations are therefore needed
to ﬁnd a general hardness relation that ensures the extraction of
accurate mechanical properties over a wide range of a/D irrespec-
tively of the active contact regime.
Returning to sharp indentation experiments, the ﬁnite element
simulations performed by Alcalá and coworkers (Mata et al.,
2002a,b, 2006; Mata and Alcalá, 2003) and by Larsson (2001), pro-
vided a solid foundation to the validity of Eq. (3) as well as to early
elasto-plastic analyses based on the analogy between indentation
and the expansion of a spherical cavity (see the survey by Johnson
(1985) in conjunction with more recent analyses by Gao et al.
(2006) and Durban and Masri (2008)). These investigations essen-
tially conﬁrmed the structure of Eq. (3) for the plastic-similarity
(fully-plastic) contact regime, where a characteristic strain r mea-
sured at a uniaxial deformation of 0.10, rather than the value of
0.08 advocated by Tabor, was found to be in better agreement with
simulations under the J2-ﬂow theory. Attention was given by Alcalá
and coworkers to examine the fundamental features of the plastic
ﬂow patterns underneath the indenter as well as the attainment of
material pileup and sinking-in effects at the contact boundary in
ruling transition from the elasto-plastic to the fully-plastic contact
regimes. Moreover, the ﬁnite element simulations enabled ﬁnding
of a general relationship between hardness and mechanical prop-
erties irrespectively of the active contact regime. Similar analyses
were performed by a number of authors (see, e.g., Cheng and Li,
2000; Dao et al., 2001; Casals and Alcalá, 2005). In spite of the
above investigations, a detailed discussion is yet to be given on
the similarities between the contact regimes in sharp and spherical
indentations covering plastic zone shapes and pileup/sinking-in
responses.
The present investigation was undertaken with the purpose of
conducting a systematic analysis to the distinctive features
governing spherical hardness measurements in elasto-plastic and
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of values for rys, n and E, and to compare these features against
those ruling sharp indentation (Section 3). Also, we seek to ﬁnd
general correlations between hardness, the mechanical properties
and normalized contact radius a/D covering elasto-plastic and
fully-plastic contact regimes (Section 4.1) and to illustrate the
applicability of these forms in mechanical property extractions
from actual experiments of the hardness evolutions in model
metallic polycrystals (Sections 4.2 and 4.3).
A sound mechanistic rationale to the onset of the contact re-
gimes ruling spherical indentation experiments is then presented
(Section 5). In this context, the development of the large deforma-
tions regime (Mesarovic and Fleck, 1999) is examined along with
the results from ﬁnite element simulations performed at large
and small-strain formulations of the plasticity theories for spheri-
cal and parabolical indenter shapes (Section 5.1). The topic of the
equivalency between sharp and spherical hardness measurements
at large penetrations is subsequently analyzed (Section 5.2). A rig-
orous discussion is then given on the applicability of plastic-simi-
larity, self-similarity and slip-line ﬁeld theory analyses to the
actual fully-plastic behavior of metals at different ranges of a/D
and n (Sections 5.3–5.5). The paper ends with a detailed compari-
son between predictions from ﬂow and deformation plasticity the-
ories with actual experimental results (Section 6).2. Plasticity theories and ﬁnite element simulations
The simulations for polycrystalline aggregates were performed
by assuming the standard J2-associated ﬂow and J2-deformation
plasticity theories. By considering linear strain-rate decomposition
ð _ij ¼ _eij þ _pijÞ, the most simple form for the J2-associated ﬂow the-
ory reads:
_ij ¼ _eij þ
3 _pe2re
Sij
; ð4Þ
where sij is the stress tensor, Sij = sij  1/3(dijskk) is the stress devi-
ator, re ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
3=2ðSijSijÞ
p
is the Von Mises stress, _pe ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2=3ð _pij _pijÞ
q
is
the plastic strain rate. The latter scalar quantities allow extrapola-
tion of the uniaxial plastic ﬂow behavior to a generic loading conﬁg-
uration. The ﬂow theory neglects possible geometrical changes in
the Von Mises yield surface, which is assumed to expand isotropi-
cally in the stress space through the postulate of normality of the
plastic strain increments. This is an arguable assumption concern-
ing the modeling of worked hardened metals, where it is well-
known that the yield surface becomes increasingly distorted to a
point where yield-surface vertices may eventually develop depend-
ing on loading path and applied strain.
Under proportional loading, integration of the ﬂow theory leads
to the deformation theory of plasticity, which is a non-linear for-
mulation preserving the Hookean character of the former. The
assumption of proportional loading where, for instance, all stress
components increase in proportion to re, is an important limitation
to deformation theory analyses (see, e.g., Michno and Findley,
1976; Neale, 1981). By way of illustration, indentation experiments
clearly exhibit an increased severity of the shear strains as a mate-
rial point approaches the indenter’s tip, suggesting violation of the
above proportionality.
The present simulations were performed under large (ﬁnite)
and small-strain implementations of the two theories. In large-
strain formulations, the principle of objectivity (frame indiffer-
ence) is implemented by replacing the rate of the Kirchoff stress
tensor _sij by Jaumann rate s
r
ij, and by replacing strain rate _ij by
the rate of deformation tensor Dij in the updating of the previous
time increment in the simulation (see, e.g., Simo and Hughes,
2000).The following uniaxial piecewise linear elastic-power-law plas-
tic relation was assumed in the simulations with the ﬂow theory of
plasticity
 ¼ r=E; if r < rys;ðr=rÞ1=n; otherwise;
(
ð5Þ
where  (the logarithmic strain measure) is the sum of elastic and
plastic uniaxial strains e and p, respectively; and n is the power-
law strain hardening coefﬁcient. For continuity between the elastic
and plastic branches of Eq. (5) it thus follows that
r ¼ Enr1nys ; ð6Þ
where rys is the yield strength. The Ramberg–Osgood model
 ¼ r
E0
þ K r
E0
 m
; ð7Þ
was used in deformation plasticity analyses, where E0 accounts for
an early rather linear response and parameters K and m can be
freely adjusted to describe non-linear plastic ﬂow. For consistency
in the interpretation of the results, a few simulations were con-
ducted by assuming the ﬂow theory and Eq. (7).
This work comprises about 140 ﬁnite element simulations per-
formed with the commercial ABAQUS ﬁnite element code under a
full integration scheme. The ﬁnite element mesh, constructed fol-
lowing the reﬁning strategy in Mata et al. (2002a), comprised
43,359 four-node axisymmetric quadrilateral elements. Most of
the simulations were performed under frictionless contact condi-
tions and large-strain formulations of the plasticity theories. Com-
plementary simulations were also carried out either by assuming
Coulomb’s frictional model or the small-strain versions of the
two theories. Table A1 summarizes the mechanical properties
and assumptions used in the majority of the simulations. Full con-
sistency was ensured between the present results and those re-
ported in our prior investigations for sharp tips.
To assimilate the simulations performed with the Ramberg–Os-
good relation to those with the piecewise linear elastic-power-law
plastic model, m  1/n and E  E0 was enforced and K was taken as
a ﬁtting parameter in present deformation plasticity analyses.
Good accord was obtained with this strategy where, for instance,
Eq. (7) underestimates r in less than 4% for n = 0.2 at  > 0.008.
(Alternatively, by taking m  1/n with E E0 in the above case of
n = 0.2, Eq. (7) was found to overestimate r in less than 4% at
 > 0.008.) Within the present range of mechanical properties and
for the large-strain implementation of the ﬂow theory of plasticity,
nearly identical contact responses are furnished from simulations
with the above strategy as compared to those from Eq. (5). Finally,
yield strength rys in the Ramberg–Osgood model is measured at
the point of departure from the early quasi-linear behavior pre-
scribed by E0.3. Distinguishing between elasto-plastic and fully-plastic
contact regimes
In discussing the results from the present simulations, it is ﬁrst
worthy to keep in mind that the elasto-plastic indentation regime
is promoted with increasing rys (Section 1). This results in the po-
tential break-down of Eq. (1) because of the lack of validity of the
plastic-similarity power-law uniaxial stress–strain relation (Eq.
(2)). It is further recalled that transition from the elasto-plastic re-
gime towards full-plasticity is in principle favored with increasing
penetration, as the early linear elastic material response becomes
less noticeable.
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Fig. 1. Evolution of normalized hardness p=r0:1 with normalized contact radius a/D from a representative number of simulations under the ﬂow theory: (a) n = 0; (b) n = 0.05;
(c) n = 0.10; (d) n = 0.20; (e) n = 0.40. Error bars represent the standard deviation in p throughout 10 consecutive time increments in a ﬁnite element simulation.
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In the present analysis, hardness is normalized by a character-
istic stress in the spirit of Tabor’s work (see Eq. (1) where in full-
plasticity, p=r is a known function of a/D and the mechanical
properties). Fig. 1 provides extensive results of the evolutions ofsuch normalized hardness, where instead of r we have chosen
to employ the characteristic stress level r0.1 measured at r = 0.1
as described in Section 1 to facilitate comparison with simulations
for sharp indentation experiments (Sections 3.2 and 5.2). The
several parts to this ﬁgure are important in order to (i) systemati-
cally show the inﬂuence of elasto-plasticity in the hardness
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Fig. 2. Relationship between p=r0:1 and E/r0.1 for different values of n and a/D from the simulations with the ﬂow theory at large strains. The increase in p=r0:1 with E/r0.1
denotes the domain of the elasto-plastic regime and its constancy underlies full-plasticity. Notice the accuracy of Tabor’s fully-plastic bound (Eq. (1)), and the good accord
between the overall simulations and of the general hardness relation in Eq. (10). Materials indented at the right-hand side of the grey thin solid curves and dashed thin curves
exhibit, respectively, a fully-plastic regime and an outwards spreading of the plastic zone shape at the surface (see text for details).
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tions from Tabor’s hardness relation (Eq. (1)); (iii) assess the roleof a gradual increase in hardening coefﬁcient n upon the above-
mentioned hardness evolutions; and (iv) illustrate the difference
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isocontour from the spherical tip marks the plastic zone in solids with different rys.
Conﬁnement of the plastic zone at the free surface within elasto-plasticity underlies
sinking-in development whereas both pileup (n = 0.20) and sinking-in (n = 0.60)
may occur in the fully-plastic domain.
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theories.
First, note that Fig. 1 indicates that for small and intermediate
values of 0.05 < n < 0.2 and, say, rys < 200 MPa, ﬂow theory simula-
tions for a/D < 0.15 lie above predictions from Tabor’s relation (Eq.
(1)). This trend is however reversed for deformation theory analy-
ses which lie below Tabor’s relation (Fig. 1(b) and (c)). As rys is
gradually decreased under such mild strain hardening responses,
ﬂow theory simulations depart uppermost from Eq. (1) whereas
deformation plasticity analyses become in strict compliance with
this relation. Finally, as n becomes greater than 0.2, both plasticity
theories essentially render the same hardness evolutions which are
also in accordance with Eq. (1), Fig. 1(d) and (e).
Another distinctive feature in Fig. 1 is that as compared to pre-
dictions from Tabor’s relation, the evolutions of p=r0:1 with a/D
from J2-ﬂow theory simulations are displaced towards smaller nor-
malized hardnesses for marked values of rys. Such a deviation is
mainly observed at the early stages of contact, indicating a funda-
mental contribution of elasto-plasticity (Mesarovic and Fleck,
1999). This has important implications to the validity of Tabor’s
relation in ﬂow theory analyses. Since ﬂow theory predictions at
small rys exceed Tabor’s relation as described above, an increase
in rys thus compensates for this tendency to a point where Eq.
(1) accurately traces the simulations. Hence, in the case of indenta-
tions made in solids with rys  200 MPa, an utmost difference of
7% is found between Eq. (1) and the simulations for a/D > 0.005.
Moreover, in solids with rys > 200 MPa and n > 0.1, the accuracy
of Eq. (1) is regained for a/D > 0.05. It therefore entails that
although the development of an early linear-elastic behavior
strictly limits the validity of Eq. (1), its practical use may not be se-
verely challenged in the majority of metallic materials. On the
other hand, keep in mind that high strength alloys with, say,
rys > 800 MPa and n < 0.1 are not anticipated to fulﬁll Tabor’s rela-
tion unless the degree of elasto-plasticity is signiﬁcantly decreased
by imposing a/D > 0.10 (see the simulation for rys = 1030 MPa in
Fig. 1(b)). Elasto-plasticity may also limit the use of Eq. (1) in alu-
minum alloys with small values of E  70 GPa. In the latter mate-
rials where rys < 400 MPa, a/D > 0.08 shall be imposed in order to
ensure a safe margin to the application of Tabor’s relation.
Another interesting result from the simulations is that the de-
cay in p used by Mesarovic and Fleck (1999) to mark the onset of
a large-deformations regime, is found to be restricted to solids
with n < 0.15 instead of to those with n < 0.3 as suggested in that
work (Fig. 1(a)–(c)). Moreover, as discussed in Section 5.1, such a
hardness decay is herein found to occur only under the ﬂow theory
of plasticity for small values of rys where, as shown in Fig. 1(a), it
becomes a distinctive feature at n = 0. In spite of the aforemen-
tioned discussion on the similarities between Tabor’s relation
and ﬂow theory simulations, it comes without saying that in the
strict limiting case of n = 0, Tabor’s relation cannot possibly match
the predicted hardness decay from such simulations. On the other
hand, for n = 0 and small levels of elasto-plasticity (i.e.,
rys < 100 MPa), deformation plasticity analyses readily lead to a
constancy in p=r0:1 with increasing penetration in accord with
Eq. (1).
3.2. Transition from elasto-plasticity to full-plasticity
Dimensional analysis in conjunction with ﬁnite element simu-
lations to sharp indentation experiments provide the approxima-
tive relationship (Casals and Alcalá, 2005)
p=r0:1  U1ðE=r0:1Þ; ð8Þ
where function U1 displays a monotonic increase with E/r0.1, fol-
lowed by its constancy for E/r0.1 > 150 (e.g., see Fig. 8 in Casalsand Alcalá (2005) and Fig. 1 in Mata et al. (2002b)). For consistency
with the work by Johnson, Hill and Tabor (see Johnson, 1985),
E/r0.1  150 was thus taken to mark transition from the elasto-
plastic to the fully-plastic contact regimes where the constancy of
p=r0:1  2:7 is ﬁnally reached in consonancy with Eq. (3).
Fig. 2 shows similar plots of p=r0:1 in terms of E/r0.1 from the
present simulations of spherical indentation performed with the
ﬂow theory at large-strains (for the sake of clarity, the decay in p
with a/D for solids with small values of rys and n—Section 3.1—lays
out of the provided range of data points). Although Fig. 2 splits in
terms of a/D and n, a noteworthy parallel is found with the above
sharp indentation analysis, so that the increase in p=r0:1 with E/r0.1
suggests prevalence of elasto-plasticity and the constancy of p=r0:1
underlies development of the fully-plastic domain. The value of
p=r0:1 = 2.7 obviously looses its unique character found for sharp
indentation because of the need to introduce additional dependen-
cies upon a/D and n in the right-hand side of Eq. (8), see Section 4.1.
It is further noted that the presently described features for
spherical indentations are general in the sense that they qualita-
tively hold true regardless of the assumed characteristic strain
used in the computation of the characteristic stress, where in the
present case r = 0.1 has been employed.3.3. Surface deformation modes and the plastic zone shape
A physical underpinning to the transition from elasto-plasticity
to full-plasticity raises by considering the shape of the indentation-
induced plastic zone. An important outcome of this work is that
when the constancy of p=r0:1 with E/r0.1 is taken to set the fully-
plastic plateau at a ﬁxed a/D and n (see Fig. 2 and Eq. (1)), the evo-
lution of the plastic zone from one regime to the other becomes
coincidental with the tendency described in our prior work for
sharp indentation (Mata et al., 2002a,b). Following these investiga-
tions, the plastic zone shape acquires a rather semi-spherical con-
ﬁguration in elasto-plastic contacts, where onlymaterial sinking-in
occurs at the contact boundary. Nevertheless, pileup and sinking-in
deformation modes may both be found at the contact boundary
within the fully-plastic domain (see Fig. 3) where, respectively,
the plastic zone exhibits an outwards spreading or adopts a more
conﬁned morphology. Since the attainment of the aforementioned
semi-spherical conﬁguration is prevented within the fully-plastic
indentation regime, the outwards spreading of plasticity is taken
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tion regimes as illustrated in Fig. 3. It is pertinent to indicate that
althoughmost metallic materials are indeed found to pileup within
full-plasticity, pure metals with vanishing rys and large n values
are a noteworthy exception to this rule.
4. Mechanical property extractions from spherical hardness
measurements
4.1. General hardness relations and methodology
Irrespectively of whether elasto-plastic or fully-plastic regimes
are at issue, two relationships are herein proposed to correlate
hardness p with the uniaxial properties from the simulations per-
formed with the ﬂow theory at large strains. The relations pur-
posely neglect development of the decay in hardness with
increasing penetration from the above-mentioned simulations for
n < 0.15 (see Section 6).
Following dimensional analysis (e.g., Cao and Lu, 2004; Wenyi
et al., 2007), we thus seek to ﬁnd a best-ﬁt function to
p=r0:1 ¼ PðE=r0:1;n; a=DÞ: ð9Þ
Directing attention to Fig. 2, functional form
p=r0:1 ¼ AðnÞ  ðAðnÞ  BÞ  exp ðKðnÞ  E=r0:1ÞDðnÞ
h i
ð10Þ
is found to accurately trace the present simulations, were the coef-
ﬁcients A, B, D and K are given in Appendix B (Table B1) for discrete
values of a/D.
Note that Fig. 2 also illustrates the excellent agreement reached
between the simulations and Tabor’s relation (Eq. (1)), which can
indeed be taken as an upper fully-plastic bound. A simple modiﬁ-
cation stemming from Eq. (1) to account for elasto-plasticity is
p=r0:1 ¼ ½2:8 ðf ðE=r0:1Þ  gðnÞÞ  ð4a=DÞn; ð11Þ
where functions f and g are also given in Appendix B (Table B2) and
the ﬁrst term in the right-hand side embraced in brackets ap-Flow Chart C1. Algorithm for the extraction of n and rys frproaches 2.8 in the limit of full-plasticity (E/r0,1?1), thus recov-
ering a = 2.8 in Eq. (1) where r0.1 = r0 (0.1)n, Eq. (5). The relative
errors in hardness predictions from Eqs. (10) and (11) are of an out-
most of ±2% and 7%, respectively, for a/D 6 0.150 (so that Eq. (11)
essentially underestimates hardness).
From the above, it becomes feasible to extract E, rys and n
through a series of hardness measurements performed at different
values of a/D, where the contact regime evolves from elasto-plas-
ticity towards full-plasticity.
Numerical analysis of Eq. (10) indicates that three hardness
measurements are required in principle to obtain a unique set of
E, r0.1 and n for the indented material, where at least one hardness
value has to be measured within the elasto-plastic contact regime.
As the number of unknown properties decreases to only r0.1 and n
if E is known a priori, uniqueness is ensured with only two hard-
ness measurements irrespectively of the contact regime. These
ﬁndings, enabling unique mechanical property extractions through
Flow Chart C1, derive from the following features (see Fig. 2): (i)
within the elasto-plastic regime, the relation between p/r0.1 and
E/r0.1 is a single-valued monotonic function in n and a/D, so that
function P in Eq. (9) does not exhibit local maxima or minima in
any of its variables. (ii) Within full-plasticity, a ﬁxed pair of n
and a/D prescribes only one value of p/r0.1 irrespectively of E/r0.1.4.2. Experimental assertion of the methodology
Systematic hardness measurements at increasing a/D were per-
formed in the following metals. (i) The well-annealed (oxygen-
free) copper in Alcalá et al., 2000, whose plastic behavior is repre-
sentative of high-purity fcc metals that exhibit vanishing yield
strength (rys? 0) and a strong strain hardening response. (ii)
The SAF 2507 duplex stainless steel in Alcalá et al. (2000), repre-
senting the plastic behavior of annealed alloys with intermediate
strength. (iii) Three medium-carbon low-alloyed chrome-molyb-
denummartensitic steels, exhibiting large yield strengths (referred
herein as St1–St3). The experiments were performed in previously
polished surfaces to a 1-lm ﬁnish using spherical tips withom hardness measurements and prior knowledge of E.
Table 1
Mechanical properties from uniaxial tests and from the indentation experiments (Flow Chart C1).
Uniaxial tests Indentationa
E (GPa) rys (MPa) n r0.1 (MPa) rys (MPa) n r0.1 (MPa)
Copper 110 20 0.52 180 1.58 0.53 180
SAF 2507 200 463 0.17 925 550 0.15 940
Stl 200 1130 0.05 1600 1410 0.05 1610
St2 200 1175 0.05 1740 1560 0.05 1770
St3 200 1470 0.05 1970 1720 0.05 1940
a Young’s moduli E are assumed as in the uniaxial tests.
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Fig. 4. Indentation experiments for the polycrystalline copper and ﬁnite element
simulations. The latter are performed with the stress–strain curves from the
uniaxial tests in Table 1 by assuming l = 0.
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Fig. 5. Indentation experiments for the duplex stainless steel and ﬁnite element
simulations obtained by assuming the stress–strain curves from the uniaxial tests
(Table 1). The ﬁgure also illustrates the good accordance found between the
indentation experiments and the simulations performed with the extracted set of
properties (Flow Chart C1). In both sets of simulations l = 0 is assumed.
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Fig. 6. Indentation experiments for the three martensitic steels and ﬁnite element
simulations obtained with the stress–strain curves from the uniaxial tests (Table 1)
for l = 0.
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Fig. 7. Comparison of the stress–strain curves for the martensitic steels St1, St2 and
St3 obtained through the uniaxial tests with those inferred from the indentation
experiments. In the latter, E = 200 GPa and r = ron are assumed, where
ro = (rys)1nEn.
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indentation loads ranging from 0.5 ± 0.05 N to 700 ± 10 N. The
applied loads were chosen to ensure that the diameters of the
residual imprints become greater than the size of the microconstit-
uents. The mechanical properties obtained from uniaxial compres-
sion tests in each material are reported in Table 1.
Figs. 4–6 show the experimentally measured hardness evolu-
tions for the different materials. The extracted properties fromeach set of experiments using Flow Chart C1 are reported in Table 1,
where noticeable differences between the inferred rys and the val-
ues measured through the uniaxial experiments are encountered.
This is due to the inaccuracies of the power-lawmodel in capturing
the true rys in the material. In this sense, large-strength alloys are
know to exhibit plastic yielding at stresses below those predicted
by the extrapolation of the plastic power-law relation to p = 0.
Conversely, in pure metals with vanishing yield strength, extrapo-
lation of the power-law model to p = 0 usually underestimates the
Fig. 8. Frictional effects upon the hardness evolutions from the ﬂow theory
simulations for solids with E = 200 GPa at the extreme condition of l = 0.15 (see
Section 4.3 for details).
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ferred values of rys from indentation (where the power-law rela-
tion is assumed to hold irrespectively of the plastic deformation
level) are below the actual rys for copper and above it for the mar-
tensitic and stainless steels (see Table 1 and Fig. 7). In spite of such
departures from the assumed hardening model at the vicinity of
rys, the overall stress–strain curves inferred through indentation
experiments are in very good accord with those measured under
uniaxial compression (see Fig. 7 for the martensitic steels, where
similar results are also attained for the copper and the stainless
steel).
At this point, it is worthy to recall that the Ramberg–Osgood
model (Eq. (7)) may provide an improved ﬁt to the experimentally
measured stress–strain curves in alloyed metals as compared to
the power-law model (Eq. (5)). This is because the Ramberg–Os-
good model better adjusts to the aforementioned overshooting in
the hardening rate occurring at the vicinity of rys, also reproducing
the trend for a constant slope in measured stress–strain curves at
large uniaxial deformations.
Since Tabor’s equation furnishes values of r and n through a
linear ﬁt to the relationship between ln p in terms of ln(a/D) within
the fully-plastic indentation regime, it thus becomes feasible to
estimate rys from Eq. (6) where E is to be known a priori. This is
so even though such fully-plastic hardness evolutions lack of any
signiﬁcant sensitivity to rys. Such an apparent paradox is not really
so because the above evaluation of rys does not rely on a true
experimental assessment to the onset of plasticity. In this sense,
measurement of rys emerges only as an outcome of the Eq. (6)
for the speciﬁc power-law hardening parameterization and im-
posed continuity between elastic and plastic branches of the uni-
axial stress–strain relation.
Along the ongoing discussion, the use of Flow Chart C1 or, alter-
natively, Eq. (10), has two fundamental advantages over Tabor’s
relation. First, by allowing the use of hardness measurements at
a/D 6 0.05 in mechanical property extractions, the inferred rys be-
comes more in accordance with the actual value leading to macro-
scopic yielding in the material. This is so because under the
attainment of strongly elasto-plastic indentation responses which
are favored at small penetrations, the contact response becomes
more sensitive to the early linear elastic material behavior and
thus to the actual rys in the material effectively marking the onset
of plastic ﬂow. Secondly, the need to ensure that measured hard-
ness evolutions lie within the fully-plastic contact regime is
waived by using Flow Chart C1 or Eq. (10). In passing, note that
from the ongoing discussion it follows that characteristic stress
r0.1 is bound to vary depending on the imposed a/D in the exper-
iment, thus loosing its unique character.
The above considerations are herein illustrated in the mechan-
ical property assessments for the martensitic steels, where Tabor’s
relation clearly becomes invalid because of the development of
strongly elasto-plastic contact responses. In this sense, by using
hardness measurements at a/D = 0.025 and 0.050, the extracted
values of rys through Flow Chart C1 are lowered by, say,
200 MPa from those presently reported in Table 1, thus essentially
matching the actual ones measured in the uniaxial experiments
(compare Fig. 7). On the other hand, by incorporating measure-
ments up to a/D = 0.10, inferred stress–strain relations become in
better overall accord with those from the uniaxial tests at
 > 0.025 (Fig. 7).
4.3. Frictional effects
Fig. 8 summarizes a few representative simulations performed
for frictional contacts. Overall, friction increases the slope of the
hardness evolutions only above a critical value of a/D depending
upon the mechanical properties. The tendency for the saturationof the increase in hardness—prescribed by Eq. (1) at large values
of a/D—is thus affected by friction, as it occurs at hardnesses
greater than, say, 5–10% as compared to frictionless simulations.
The following brieﬂy discusses the role of friction in archetypal
polycrystals.
For intermediate and large-strength alloys where n  0.2 and
n? 0, respectively, friction comes into play for, say, a/D > 0.12
and 0.10 (Fig. 8). These are however strict limits because when
somewhat more realistic values of l in the range of 0.05–0.10
are assumed (Section 6), frictional effects only become evident in
the above materials for, say, a/D > 0.20 and 0.14, respectively. This
assertion is relevant to a number of medium strength carbon
steels, high strength (quenched) steels and superalloys. It is also
for this reason that the present mechanical property extractions
of the martensitic and stainless steels was limited to a/D 6 0.1
(speciﬁc ﬁnite element simulations for these materials conﬁrmed
that this was indeed a safe margin). Moreover, because of extreme
sinking-in development, independency of the hardness evolution
to friction is found in pure metals with strong hardening, n > 0.4
(Mata and Alcalá, 2004; Harsono et al., 2008), so that in these cases
one can safely extend the extraction of properties to, say, a/D < 0.2
as in the present pure copper.
On the other hand, even for realistic frictional constraints as gi-
ven by l = 0.05  0.10, friction affects mechanical property extrac-
tions for a/D > 0.08 in metals with, say, n < 0.10 and rys < 600 MPa
(compare open and closed square symbols in Fig. 8). The window
of penetration depths enabling mechanical property extractions
is therefore reduced in these solids even though Eq. (10) and Flow
Chart C1 can still be used at a/D = 0.025, 0.050 and 0.075. This is
pertinent to intermediate strength steels (rys  400 MPa and low
strain hardening), as well as to peak aged aluminum alloys even
though their low value of E = 70 GPa somewhat relaxes the limiting
value of a/D.
5. Detailed analysis of the spherical indentation regimes
The purpose of this section is to critically examine the concepts
underlying plastic-similarity, full-plasticity and elasto-plasticity in
the analysis of spherical indentation experiments. The following
questions guide the present discussion: (i) Are all fully-plastic con-
tacts amenable to analysis through Tabor’s (plastic-similarity) hard-
ness relation? (ii) What is the fundamental origin for the decay in
hardness with increasing penetration predicted in weak strain harden-
ing solids at large values of a/D? (iii) Since linear elasticity is reached
in the limit of n? 1, is strain hardening favoring the onset of an
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Fig. 9. Inﬂuence of the plasticity theory upon the simulations for weak strain
hardening solids: (a) ﬂow theory; (b) deformation theory. The same symbols used
in open and closed forms in parts (a) and (b) represent materials with nearly
identical stress–strain relations, where Eq. (5) is assimilated to Eq. (7) by assuming
E = E0 and n = 1/m, see Section 2. The ﬁgure illustrates that (i) large strains govern
contact even at relatively small penetrations of a/D 	 0.04, and (ii) under large-
strain formulations, the decay in pwith increasing a/D is a particular feature in ﬂow
theory simulations.
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crystalline metals that exhibit strong strain hardening and vanishing
rys amenable to analysis within the fully-plastic contact regime? If
this answer is afﬁrmative, why is it so that these solids undergo severe
sinking-in which appears to contradict the fundamental development
of material pileup assumed in slip-line ﬁeld models to fully-plastic
indentations? (v) Is the validity of Tabor’s hardness relation limited
to contacts complying with small-strain deformation plasticity under
the assumptions made in the plastic-similarity analysis by Hill et al.
(1989).5.1. Perfect-plasticity and the onset of large deformations
Fig. 9 illustrates that in the large-strain formulation of deforma-
tion plasticity, the ultimate decay in p with increasing penetrationis prevented for solids with n < 0.15. Flow and deformation theo-
ries of plasticity thus fundamentally diverge in weak strain hard-
ening solids, whereas excellent agreement in hardness evolutions
is reached between them for, say, n > 0.2 (see Fig. 1 and Section 3.1).
While deformation plasticity is a key element in the self-similarity
analysis for strain hardening media performed by Hill et al. (1989),
suggesting constancy in p/r0.1 in the limit of n? 0 (Eq. (1)), the
ﬂow theory of plasticity can thus be taken to support slip-line ﬁeld
predictions for n = 0 where p gradually decreases with penetration
as in Fig. 1(a) (Ishlinsky, 1944; Yu and Blanchard, 1996). Conse-
quently, under the assumption of the ﬂow theory, the fully-plastic
contact regime breaks down into two diverging responses, one at-
tained in perfectly-plastic solids and another obeying Tabor’s plas-
tic-similarity solution for strain hardening metals. Following the
perfect-plasticity simulations in Fig. 1(a), we thus ﬁnd that
p=r0:1  p=rys ¼ 1:885a=Dþ 3:044; ð12Þ
so that in the context of the questions posed in the preamble to this
section, the answer is negative to the ﬁrst question. (Section 5.3 fur-
ther shows that full-plasticity in strain hardening solids may in turn
be classiﬁed into two categories, both fulﬁlling Tabor’s fully plastic
bound, depending on whether or not the plastic zone breaks out-
wards at the free surface for a given combination of n and a/D.)
It is important to recall that for n = 0, the early penetration
range where p=r0:1 increases with a/D is promoted in solids with
large rys (Fig. 1(a)). Since such an early raise is ruled by elasto-plas-
ticity, Section 3.1, an increase in rys undoubtedly favors attainment
of this regime for n = 0. It thus follows that the development of the
perfect-plasticity dominated regime is affected by elasto-plasticity
in a similar manner as it inﬂuences over Tabor’s fully-plastic
regime.
When discussing the differences between predictions from both
plasticity theories, notice that a relative increase in shear strains at
the contact surface occurs during indentation of weak strain hard-
ening solids, which promotes pileup as the material slides against
the tip. On the contrary, sinking-in is enforced for marked strain
hardening, where the ratio between shear and normal strains is
better preserved throughout the material thickness (compare
Fig. 10). This explains the good agreement found between the plas-
ticity theories for, say, n > 0.20, where the presumption of propor-
tional loading appears to hold true, as well as the discrepancies as
n? 0.
In the lines of the second question raised in the preamble to this
Section, attention is drawn to the fact that the present discussion
confronts prior conceptions because the decay in p is not associ-
ated with the attainment of large deformations during indentation
(Mesarovic and Fleck, 1999) but with the onset of a perfect-plastic-
ity dominated (fully-plastic) contact regime that can only be cap-
tured through simulations with the ﬂow theory and not with
deformation plasticity. A discussion is given in Section 5.5 concern-
ing the role of large deformations upon the indentation behavior.
Fig. 11 provides a map summarizing the range of validity of the
various contact regimes in solids deforming through the ﬂow the-
ory of plasticity. The map incorporates simulations with E = 70 and
200 GPa at l = 0.
5.2. Equivalency between sharp and spherical hardness measurements
The present investigation sheds light into the similitudes be-
tween spherical indentation experiments performed at deep pene-
trations and sharp indentations. Notice that since the severity of
the strain ﬁeld is enhanced with increasing penetration, the fol-
lowing ﬁndings become clear by inspecting Fig. 2: (i) by raising
a/D, the lower and upper plateaus in p=r0:1 at the extreme values
of n = 0.60 and 0, respectively, become closer to each other,
approaching the sharp indentation response where a unique
Fig. 10. Comparison between the deformed ﬁnite element meshes from simulations with E/r0.1 = 1000 and n = 0.05: (a) deformation plasticity; (b) ﬂow theory. Notice that
the elements are subjected to different shear strains in (b), whereas a more uniform deformation state—with less shear strains—prevails in (a). Also note that material pileup
is signiﬁcantly affected by the plasticity theory, where the marked shear strains for the elements at the contact boundary lead to pileup effects under the ﬂow theory while
sinking-in is attained for deformation plasticity.
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Fig. 11. Map marking the range of normalized contact radius a/D where the fully-plastic and elasto-plastic indentation regimes dominate the contact response for a given
combination of Young’s modulus E, characteristic stress r0.1 and strain hardening coefﬁcient n. The map concerns simulations under the ﬂow theory at large strains. The solid
lines, indicating transition from elasto-plasticity to full-plasticity, are obtained at the values of E/r0.1 where hardness p decreases in 5% from the fully-plastic plateau in Fig. 2.
Elasto-plasticity is hence favored in solids indented at the left-hand side and bottom regions of the solid lines. Solids indented at the right-hand side of the discontinuous lines
exhibit a perfect-plasticity dominated decay in p. The range of a/D lying between the solid and discontinuous lines indicates a fully-plastic response where p becomes
constant prior to its decaying. The ﬁgure marks the value of a/D = 0.235 where for the fully-plastic indentation regime, hardness is the same in sharp and spherical
indentations.
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(Section 3.2). (ii) By again raising a/D, the level of E/r0.1 marking
full-plasticity at a ﬁxed n value gradually decreases towards, say,
150, again approaching the results from sharp tips (Section 3.2).
Since Eq. (1) is a monotonically increasing function of a/D and
Eqs. (1) and (3) are excellent approximations to plastically-similar
(fully-plastic) spherical and sharp indentations, identical hardness
values shall be reached with both tips at a sufﬁciently large pene-
tration. By equating p from Eqs. (1) and (3), such a hardness equiv-
alency is anticipated to occur at a/D  0.25 for conical indentations
with included half-apex angle h = 70.3 (where C  2.7). Fig. 12
from the present simulations support the above hardness equiva-lency, also showing that for the precise value of a/D = 0.235, the
dependency upon n in the relationship between p=r0:1 and E/r0.1
is fully removed in consonancy with the aforementioned results
for sharp indentation. Although not shown here for the sake of
brevity, the above equivalency between hardness measurements
in sharp and spherical indentations at a/D = 0.235 is found to trans-
late to the plastic zone size and shape.
5.3. Mechanistic background to the development of elasto-plasticity
The following discussion illustrates that there are two mecha-
nistic sources to the development of the elasto-plastic contact
Fig. 12. Constancy in p=r0:1 found in fully-plastic spherical dentations at deep
penetrations. Note that only for a/D = 0.235, ratio p=r0:1 becomes constant
irrespectively of n and E/r0.1, matching the value of 	2.7 from conical indentation
with a half-apical angle of 70.3.
Fig. 13. Evolution of pileup and sinking-in parameter c2 with a/D. Note that (i) an
increase in n or in rys both lead to a decrease in c2; and (ii) constancy in c2 is
attained for rys? 0. The simulation under deformation plasticity is for an
equivalent solid whose rys = 120 MPa and n = 0.10.
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penetrations of, say, a/D < 0.050 as n decreases below 0.15, while
the other involves greater penetrations where elasto-plasticity is
conversely favored with increasing n.
Concerning elasto-plastic responses at small penetrations,
a/D < 0.05, keep in mind that following the analysis by Hill et al.
(1989), Tabor’s relation holds true under a deformation plasticity
theory where the stresses and strains are related to each other
through homogeneous differentiable power-law relations. A key
feature leading to the development of the elasto-plastic contact re-
gime in materials obeying the elastic–power-law hardening rela-
tion in Eq. (5), thus concerns the fact that such a piecewise
representation fails to be differentiable at rys. The most noticeable
inﬂuence of such a lack of differentiability upon the spherical
indentation behavior is thus anticipated to occur at an early pene-
tration stage for n < 0.05, where the right-hand derivative of the
stress–strain relation at rys differs mostly from the left-hand deriv-
ative. This conception is supported by the present simulations
since for n = 0 and large values of rys; p=r0:1 lies extremely below
the perfectly-plastic limit given by Eq. (12). This relation is then
gradually fulﬁlled with increasing penetration (Fig. 1(a)). Also note
that in Fig. 2(a) for a/D = 0.025, elasto-plasticity rules the indenta-
tion behavior in solids with n < 0.15 because p=r0:1 has not yet
reached the fully-plastic constancy within the present range of E/
r0.1 < 1050. Along these lines, Fig. 2(a) further shows that the
fully-plastic constancy in p=r0:1 is promoted by an enhancement
of the strain hardening behavior from n = 0 to n = 0.2 as the relation
between p=r0:1 and E/r0.1 ﬂattens out.
On the other hand, at greater penetrations of a/D > 0.05, the
reduction in E/r0.1 associated with an increase in n may prevent
attainment of a fully-plastic plateau in p=r0:1. This is because fol-
lowing the early penetration of the sphere, the spreading in ratio
E/r0.1 marking the fully-plastic domain at different n values is sig-
niﬁcantly reduced to a point where a rather constant value of E/
r0.1 = 150 is ﬁnally reached at a/D > 0.150. This feature is schemat-
ically depicted by the grey curves in Fig. 2, whose steepness grad-
ually increase by raising a/D. A simple explanation to this ﬁnding
emerges by considering that elasto-plasticity is favored by a con-
ﬁnement of the plastic zone at the surface (Section 3.3) which op-
poses the presumption of material pileup used in fully-plastic slip-
line ﬁeld analyses. Elasto-plasticity is therefore the outcome of the
increased steepness in the stress–strain curve induced by raising n.
In answering to the third question in the preamble to this section, ittherefore follows that an increase in n promotes the fully-plastic
domain but only at a/D 6 0.050 and n < 0.15.
It is also noteworthy that as marked by the grey dashed curves
in Fig. 2, there exists a fully-plastic regime for n > 0.4 that is funda-
mentally characterized by the development of both material sink-
ing-in and a rather semi-spherical plastic zone morphology (i.e.,
where the spreading of the plastic zone does not break outwards
at the surface) irrespectively of a/D. This regime essentially applies
to materials with vanishing rys where the early elastic response
plays a negligible role upon the indentation behavior. Hence,
indentation turns to be fundamentally ruled by the strong strain
hardening behavior in the solid which enhances material sinking-
in responses as described further in Section 5.4.
On a ﬁnal note concerning our prior investigation about the
contact deformation regimes for sharp indentations (Mata et al.,
2002a), keep in mind that the fully-plastic relation in Eq. (3) ac-
counts for elastic–perfectly plastic material responses through a
slight change from C  2.60 ± 0.05 for n > 0 to C = 2.40 for n = 0
(see Fig. 8 in the work by Casals and Alcalá (2005)). This interest-
ingly indicates that the lack of smoothness (or differentiability)
of the stress–strain relation at rys also affects in the sharp indenta-
tion behavior. Nevertheless, this feature plays a more prominent
role in spherical indentations where the perfect-plasticity domi-
nated hardness decay eludes description through slight modiﬁca-
tions to Tabor’s relation.
5.4. Piling-up and sinking-in
Quantiﬁcation of the surface deformation modes is convention-
ally performed through parameter (e.g., Hill et al., 1989; Alcalá
et al., 2000; Xu and Agren, 2004; Taljat and Pharr, 2004; Hernot
et al., 2006; Kim et al., 2006)
c2  h=hs  a2=hsD; ð13Þ
which measures the ratio between the true penetration depth h of
the spherical tip, including pileup or sinkin, and penetration depth
hs setting the distance from the original surface to the indenter’s
tip. Hence, c2 > 1 implies material pileup and c2 < 1 indicates sink-
ing-in. It is noted that variable hc is employed by various authors
to denote the above variable h in a similar manner as others have
employed h when referring to the above hs. We are however keep-
ing the above nomenclature for consistency with our own prior
publications. Notice that although in the present analysis c2 is
computed as the penetration depth ratio in Eq. (13), the right-hand
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bolic indenter shapes.
Parameter c2 is well-known to increase with a/D during the
evolution from elasto-plasticity, where sinking-in is favored as pre-
scribed by linear-elastic contact mechanics, towards full-plasticity
(see Fig. 13 and Hernot et al., 2006). The simulations performed
with both plasticity theories clearly show that such an evolution
in the surface deformation modes is weaker for deformation plas-
ticity than for the ﬂow theory (see Fig. 13). This indicates that as
described in Section 5.1, the assumption of proportional loading
in deformation plasticity analyses of weak strain hardening solids
reduces the shear strain levels in the vicinity of the contact surface,
which in turns diminishes pileup effects as compared to predic-
tions from the ﬂow theory. Similarly, friction also decreases such
shear strain components.
Following the argumentation by Hill et al. (1989), parameter c2
was taken to be an invariant of the indentation process within the
plastic-similarity (fully-plastic) domain in the spirit of the early
experiments by Norbury and Samuel (1928). Fig. 13 is illustrative
to these ﬁndings for rigid-strain hardening solids (see the simula-
tions with rys  1–2 MPa), where the analysis by Biwa and Störak-
ers (1995) is consequently found to be valid and the transition
from pileup to sinking-in occurs at n  0.3 (c2 = 1). Sinking-in is
therefore favored at large n values whereas pileup effects predom-
inate for a small n. Complementary simulations performed by
approaching the rigid-perfectly-plastic behavior (E = 2000 GPa,
E/rys = 1 
 105 and a/D > 0.025) also indicate that such a constancy
in c2 with a/D is indeed a distinctive feature for this material model
(where c2? 1.50–1.55, signiﬁcantly surpassing the pileup re-
sponses for rigid–strain hardening solids in Fig. 13). The reader is
directed to Section 5.5 for further discussions.
Material pileup is also found to be a characteristic feature of the
perfect-plasticity dominated hardness decay, where such a surface
deformation mode is fundamentally dictated by the mild (vanish-
ing) strain hardening behavior in the material. It is however rele-
vant to point out that a strong increase in c2 with penetration
found here in elastic-perfectly plastic solids (n = 0 and ﬁnite rys),
is a manifestation of elasto-plasticity rather than the consequence
of the perfect-plasticity dominated indentation regime. This is sup-
ported by the ﬁnding that in the limit of rigid-perfectly plastic
material responses, c2 remains constant at 1.50–1.55 irrespectively
of a/D. Hence, the aforementioned marked increase in c2 cannot be
taken to explain the reason for the hardness decay in simulations
for weak strain hardening solids with the ﬂow theory, as the same
hardness decay occurs in rigid-perfectly-plastic responses where c2
remains constant.
It follows that the answer to the fourth question in the preamble
is afﬁrmative because strain hardening polycrystals with vanishing
rys deform through the plastic-similarity (fully-plastic) contact re-
gime. Since from the above discussion either pileup or sinking-in
may occur in such contact regime depending on the n value, the
development of strong sinking-in effects within a fully-plastic do-
main is not contradictory (see Fig. 13 for n = 0.2 and 0.6 in solids
with vanishing rys).
5.5. Deconstructing self-similarity
In this section, we seek to show that the assumptions made in
self-similar analyses of spherical indentation experiments are not
realistic to the vast majority of contacts. In doing so, it is demon-
strated that although Tabor’s relation can be supported upon the
plastic-similarity framework lain by Hill et al. (1989), this form rep-
resents a more general law whose main merit lies in recognizing
developmentof a fully-plasticbound,where p=r0:1 remains constant
withE/r0.1 as illustrated in Fig. 2. Therefore, the speciﬁcassumptions
under analysis are that (Hill et al., 1989): (i) the indentationbehaviorcanbemodeledunder a small-strain formulationof a J2-plasticity the-
ory; (ii) geometrical-similarity underlies validity of the normalized
contact radius a/D as a scaling variable only at small penetrations
wherea spherical tip strictlyapproximates toa self-similarparabolic
one; and (iii) parameter c2 and the plastic zone shape are invariants
of the indentation behavior in any given fully-plastic solid. From the
following discussion it thus emanates that the answer to the ﬁfth
question in the preamble is negative.
Fig. 9 illustrates that the hardness evolutions resulting from
small-strain implementations of the plasticity theories readily di-
verge from large-strain simulations for, say, a/D > 0.04. Incidentally
notice that this is a signiﬁcantly smaller penetration than that
marking the hardness decay under large-strains, which further
supports the present view in that such a decay is exclusively pro-
moted under mild strain hardening material behaviors deforming
through the ﬂow theory of plasticity rather than by the develop-
ment of a large-deformations contact regime. Large-deformation
effects thus predominate even at the early stages of contact. Also,
the present simulations show that the difference in the spherical
contact behavior found through large and small strain formula-
tions of the ﬂow theory of plasticity is reduced with increasing n
(Fig. 1). This is because of the predominance of a more homoge-
neous deformation state—with reduced shear strain compo-
nents—for such large n values. Large and small strain simulations
thus approximate to each other because of the relatively small
severity of the strains and rotations of the material points under-
neath the indenter in strong strain hardening solids.
The present simulations indicate that the perfect-plasticity
dominated decay in p is reversed at deep penetrations in the range
of a/D  0.43, where p begins to increase (see Fig. 1(a)). This phe-
nomenon occurs because at such large penetrations, the material
peels-away from the spherical tip, thus reducing the effective con-
tact area. Normalized penetration depth a/D remains a valid scal-
ing parameter up to the above-mentioned deep penetrations,
where it ﬁnally turns out that it is not longer possible to write
p ¼ f ða=D). Since nearly identical hardness evolutions were found
here for strain hardening solids with spherical and best-ﬁt parabol-
ical indenters to a/D  0.25 (Fig. 1(c)), both fulﬁlling Tabor’s rela-
tion, it follows that this relation can be safely taken to apply at
severe penetrations where the geometrically similar parabolic con-
tact behavior would have been rendered invalid for spherical tips.
For instance, the difference between both hardness evolutions at a/
D  0.43 becomes only 	6% which is much greater than the change
in a between the two tips at such extreme penetrations.
In passing, it is emphasized that there is a fundamental differ-
ence between the break-down of geometrical-similarity and the
attainment of ﬁnite deformations. This is so as a/D remains an
accurate scaling factor even to 0.43, whereas ﬁnite deformations
already need to be taken into account at an early penetration stage
(i.e., for a/D > 0.04 as indicated above for weak strain hardening
solids). The normalized contact radius a/D thus remains a useful
parameter even at large penetrations, enabling description of Ta-
bor’s fully-plastic regime for strain hardening solids and the per-
fect-plasticity dominated regime (Eq. (12)) to the above
maximum penetration of, say, a/D  0.43. Further simulations with
the ﬂow theory for parabolic indenters under n = 0 closely repro-
duce the perfect-plasticity dominated hardness decay (Fig. 1(a)),
again illustrating the similarities between spherical and parabolic
indentations in perfectly plastic solids. Interesting, however, the
abrupt increase in hardness found for spherical tips at a/D > 0.43
is not found to occur for parabolic tips, where contact is enforced
between indenter and material irrespectively of penetration.
Self-similarity is therefore preserved in the hardness evolutions
measured through spherical indentation, where this feature
breaks-down because of the peeling-away between indenter and
material at the contact boundary for a/D > 0.43.
Fig. 14. Experiments and simulations of pileup and sinking-in parameter c2 for
metallic materials. The individual points represent averages over a number of
experiments performed within the same range of a/D as the presently reported
simulations. The range of variation in c2 from such simulations is given by the grey
and dashed bands in the ﬁgure. Under the applied indentation load (loaded state),
note that the agreement between data sets is optimum by assuming the J2-ﬂow
theory at intermediate values of friction coefﬁcient l 	 0.07. See text for details.
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ilarity assumption of a constancy in c2 within fully-plastic contacts.
Following the argumentation by Hill et al. (1989), such a constancy
entails from the early experiments by Norbury and Samuel (1928).
Although the present simulations indeed conﬁrm this presumption
in the limits of rigid-perfectly-plastic and rigid-power-law harden-
ing material responses (Section 5.4), it does not hold true in any of
the simulations performed with ﬁnite E (=200 and 70 GPa) and
n = 0, or with non-vanishing rys and n > 0 (irrespectively of
whether parabolic or spherical indentations are at issue). In solids
with a mild rys, an increase in c2 with penetration therefore pre-
vails even at large values of a/D unambiguously lying within Ta-
bor’s fully-plastic hardness bound as deﬁned in Section 3.2. This
is reckoned to indicate that the violation of geometrical similarity
is manifested to different degrees depending on whether hardness
of parameter c2 are at issue.
In a similar vein, it is interesting to point out that there is a con-
sistent link between the evolutions of c2 and of the plastic zone
shape during penetration. A reduction of sinking-in or an enhance-
ment of pileup effects with increasing penetration is thus found to
occur concurrently with an intensiﬁcation in the outwards spread-
ing of the plastic zone at the indented surface. Consequently, the
plastic zone shape only remains constant in the strict limiting
cases of rigid-perfectly-plastic and rigid-power-law hardening
material responses, so that geometrical-similarity is again violated
in solids with a marked rys (Mata et al., 2006; Alcalá et al., 2010).6. Experimental validation to the plasticity theories
Central to the modelling of indentation experiments is the
assessment of whether the ﬂow or deformation theories of plastic-
ity are in better accordance with experiments (Sections 1 and 2).
Although the assumption of deformation plasticity in arbitrary
(non-proportional) loading conﬁgurations fundamentally contra-
dicts the path-dependent nature of plastic deformation in metals,
this theory is known to better predict plastic deformations under
such loading paths where shear stresses precede early predomi-
nantly compressive states, as in the case of plastic buckling and
plastic necking instability analyses (Hutchinson, 1974; Ore and
Durban, 1992). This has been referred to as the plastic-buckling
paradox. Detailed assessments showed that the deformation the-
ory may be equivalent to a modiﬁed ﬂow theory accounting for
yield-surface vertex formations (Budiansky, 1959; Stören and Rice,
1975; Neale, 1981), and that in most cases, incorporation of such
vertices into the analyses led to more accurate predictions of buck-
ling loads (Hutchinson, 1974). The ongoing discussion is pertinent
to indentation experiments because severe shear strains are antic-
ipated to occur as the indenter’s tip rapidly approaches a material
point that was predominantly deformed under compressive loads
at the commencement of contact. This may be increasingly impor-
tant in solids undergoing pileup effects, i.e., for n < 0.2, where a
marked change in loading path is anticipated.
In this section we ﬁrst seek to extend the comparison made by
Biwa and Störakers (1995) between experimental measurements
of parameter c2 and ﬁnite element simulations performed with
ﬂow and deformation theories. Essentially, it is our purpose to
incorporate: (i) development of an elasto-plastic contact regime—
thus waiving the rigid-strain hardening material assumption in
the aforementioned work; (ii) occurrence of frictional constraints
between indenter and material; and (iii) attainment of elastic re-
bound during the unloading of the indented surface, which obvi-
ously inﬂuenced upon the above comparison as the experimental
measurements were made upon complete removal of the indenter
from the material while the simulations referred to the loaded
state.Fig. 14 summarizes the present assessment, which uses the
experimentally measured values of c2 reported by Alcalá et al.
(2000) and Norbury and Samuel (1928) in a wide number of met-
als. The results of c2 from ﬁnite element simulations at large strains
performed with the speciﬁc uniaxial (elasto-plastic) stress–strain
curves from the three stainless steels (n = 0.17, 0.19 and 0.40),
the annealed copper (n = 0.52) and the work-hardened copper
(n = 0.05) in Alcalá et al. (2000) are superimposed to Fig. 14. The
present analysis indicates that the ﬂow theory is remarkably more
accurate than deformation plasticity irrespectively of the n value.
Also in the context of the present comparison, it is noted that the
hardness evolutions given in Fig. 1, Section 3.1, support the pre-
vailing conception that deformation plasticity models the response
of a weaker (softer) solid than the ﬂow theory (Durban, 1990).
Fig. 14 further implies that moderate frictional constraints (l of,
say, 0.05–0.10) improve agreement between the experiments and
the simulations with the ﬂow theory. The ﬁgure is in accordance
with intuition as it illustrates that friction becomes increasingly
important at large values of c2, where it opposes pileup develop-
ment. Keep in mind that the assertion that frictional effects im-
prove comparison between experiments and simulations, refers
to experimental results where the amount of pileup and sinking-
in has been corrected to account for the elastic rebound of the in-
dented surface during the removal of the tip. Finally, note that the
gradual increase in c2 with penetration, found from simulations at
0.10 < a/D < 0.20 matching the experimental range used by Alcalá
et al. (2000) is also indicated in Fig. 14. In spite of such a variation
in c2 with penetration, an apparently continuous decrease of c2 in
terms of n is still clearly found for the wide range of metals under
study (Alcalá et al., 2000; Norbury and Samuel, 1928).
Concerning differences between predictions of the hardness
evolutions from ﬂow and deformation theories of plasticity, it is
noted that if the indentation responses of the metals indicated in
Section 4.2 would follow deformation plasticity, inferred values
of rys from Flow Chart C1 would more than double the actual ones.
The difference between ﬂow and deformation plasticity analyses of
indentation are thus extremely meaningful in the context of
mechanical property extractions, which are only feasible with in
the present scheme when the indented polycrystalline metals are
assumed to behave in consonancy with simulations with the ﬂow
theory of plasticity. As indicated in Section 3.1, similar mechanical
Fig. 15. Comparison between simulations with ﬂow and deformation plasticity
theories for the work-hardened copper in Lim and Chaudhri (1999). The experi-
mental results are superimposed to the ﬁgure, illustrating that deformation
plasticity analyses are more in accordance with the experimental measurement
of a hardness plateau at, say 0.1 < a/D < 0.40 than the predictions with the ﬂow
theory. The simulations are performed at a sensible l = 0.07 with the same uniaxial
stress–strain curve measured experimentally (see Fig. 14).
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mation plasticity theories in solids with n > 0.20, where both types
of simulations render similar hardness evolutions as well as pileup
and sinking-in responses as shown in Fig. 14.
In the line of the present comparison between ﬂow and defor-
mation plasticity analyses with experimental measurements, it is
worthy to further examine the hardness decay in the limit of
perfect-plasticity predicted from ﬂow theory simulations (Sections
3.1 and 5.1). First, it is emphasized that to our present knowledge,
experimental evidence is unavailable in the open literature sup-
porting the development of such a decay. The lack of such evidence
may however be due to the following factors: (i) weak strain hard-
eningmetals usually have a sufﬁciently large rys so that the gradual
elasto-plastic raise in p=r0:1 that occurs within a wide range of
penetrations limits the occurrence of the hardness decay to extre-
mely large values of a/D (see Fig. 1(a) for a marked rys and the
discussion given in Section 3.1), and (ii) frictional effects are sufﬁ-
ciently strong at small n values as to increase the effective hardness
to a point where the decay may not be evidenced (Section 4.3).
In light of the present simulations, the above-mentioned hard-
ness decay may be in practice relevant to work-hardened pure
metals such as copper, where rys typically lies below 400 MPa
and the uniaxial stress–strain curve becomes very much in conso-
nancy with perfect-plasticity (n? 0). It goes without saying that
the assumption of the Von Mises yield surface may not hold true
in such work-hardened metals, as prior hardening may lead to an
elongated shape and to the development of a marked deformation
texture depending on the loading history. In this context, addi-
tional simulations with the ﬂow and deformation theories are pre-
sented in Fig. 15. These simulations are performed by assuming the
exact uniaxial stress–strain curve measured by Lim and Chaudhri
(1999) in a work-hardened copper (i.e., without the assumption
of a power-law ﬁt), where the previously applied uniaxial deforma-
tion   0.7 saturates the strain hardening capacity in the material
thus leading to a rather perfectly-plastic behavior. The simulations
are superimposed to the hardness evolutions obtained by these
authors using indenter tips of D = 0.4 and 1.0 mm. The indentation
experiments essentially match those reported by Tabor (1951) and
Alcalá et al. (2000) for a similar work-hardened copper, where
measured hardness values remain constant following an early
elasto-plastic raise in the range for 0 < a/D < 0.04. Interestingly,Fig. 15 shows that even when friction is accounted for through a
value of l = 0.07, deformation plasticity essentially mimics the
experimental results of a fully-plastic hardness constancy, whereas
the hardness decay is still reproduced when the ﬂow theory is
assumed.
The foregoing discussion on the consistency between the over-
all contact response from experiments and simulations with the
ﬂow theory suggests the unlikelihood of yield-surface vertex for-
mations during penetration of annealed metals (n > 0). The present
results also indicate that the possible role of yield-surface anisot-
ropy and of a preexisting deformation texture upon the hardness
evolutions in work-hardened pure metals appears to be better
traced through deformation plasticity analyses. In this sense, note
that such yield surface distortions are known to be a concomitant
of plastic straining in pure metals even at relatively small levels of
uniaxial strains (  0.25) which are well below that imposed in
the presently analyzed work-hardened copper (  0.7).7. Concluding remarks
1. A strict parallel is found between the contact regimes ruling
sharp and spherical indentation experiments. It is shown that
irrespectively of tip geometry, the elasto-plastic increase in the
relationship between p=r0:1 in terms of E/r0.1 (where p is the
hardness, E is the Young’s modulus, and r0.1 is the characteristic
uniaxial stress corresponding to auniaxial strain of 0.1) underlies
a conﬁnement in the plastic zone at the indented surface leading
to material sinking-in effects. A constancy in p=r0:1 then marks
attainment of the fully-plastic plateau at sufﬁciently large values
of E/r0.1. Both material pileup (for, say, n < 0.4) and sinking-in
(for, say, n > 0.4) may occur in the fully-plastic regime of sharp
and spherical indentations. The map in Fig. 11 in conjunction
with the boundaries marked in Fig. 2 provide a detailed assess-
ment of the transition from elasto-plasticity to full-plasticity,
as well as of the evolution in the plastic zonemorphology denot-
ing development of pileup or sinking-in. In this context, the pres-
ent ﬁnite element simulations also support that in fully-plastic
contact regimes, the same hardness values entail in spherical
and sharp indentations for a/D = 0.235 and apical tip angle
h = 70.3, where p=r0:1 ¼ 2:72 is reached irrespectively of n.
2. A measure of the severity of the stress ﬁeld induced in spherical
indentation is given by the spreading of the above relationship
between p=r0:1 and E/r0.1 at different n values. Although the
fully-plastic plateau in p=r0:1 fundamentally spreads in terms
of n, an increase in a/D reduces such a tendency to a point
where for the aforementioned a=D  0:235; p=r0:1 approxi-
mates to the unique value of 2.7 found in conical and pyrami-
dal indentations. With increasing a/D, the development of the
fully-plastic regime is facilitated at smaller values of E/r0.1.
Hence, for a/D > 0.15, full-plasticity is reached at E/r0.1  150,
which is in good accordance with the range of values found in
sharp indentation analyses.
3. Tabor’s hardness relation is a general law predicting the fully-
plastic indentation behavior. The present work demonstrates
that this relation remains accurate in non-geometrically similar
contacts or even when small-strain deformation plasticity
becomes invalid. Geometrical-similarity is fundamentally vio-
lated in spherical and parabolical indentation of solids with a
marked rys because pileup/sinking-in parameter c2 varies with
a/D. As opposed to parabolic indentation, hardness increases
abruptly in the spherical indentation response measured at
a/D > 0.40, marking the inﬂuence of the break-down in geomet-
rical-similarity upon the hardness evolutions. Geometrical-
similarity is however enforced under rigid-perfectly-plastic
and rigid-power-law hardening material models.
Table B2
Parameters for Eq. (11).
f ðE=r0Þ ¼ F0 þ F1 exp  E=r0:1þF2F3
h i
g(n) = G0 + G1n + G2n2
F0 F1 F2 F3 G0 G1 G2
0.09 0.70 22 93.10 1.42 2.39 1.28
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mechanical properties of strain hardening solids irrespectively
of whether elasto-plastic or fully-plastic contact regimes are
at issue (Eq. (10)). Extraction of yield strength rys and harden-
ing coefﬁcient n is thus enabled through Flow Chart C1 and
Eq. (10) by measuring p at only two values of a/D. Based on
numerous experiments made on metallic materials, a discus-
sion is given in the paper on the accuracy of such mechanical
property extractions. The discussion covers the limitations
posed by frictional effects and by the departure from the strict
uniaxial power-law hardening model at the onset of plasticity.
The extraction of properties is optimum at a/D < 0.10, where
the range of variation of hardness p with penetration becomes
maximum while frictional effects are minimized.
5. Although the above remarks concern strain hardening solids,
the herein referred to as perfect-plasticity dominated (fully-
plastic) behavior predominates for weak strain hardening
(n < 0.15) and rys < 500 MPa under the assumption of the J2-
ﬂow theory of plasticity (see the map in Fig. 11). Since (i) such
a hardness decay is found to occur under large and small strain
implementations of the ﬂow theory, (ii) a/D remains a strictly
valid normalizing parameter for the hardness evolutions even
at extreme penetrations (a/D < 0.43), and (iii) large strains and
rotations shall be readily accounted for in the formulation of
the plasticity theory as they affect in the hardness evolutions
at much smaller penetrations than those marking the hardness
decay, this behavior cannot be taken to mark the onset of a
large-deformations regime as considered by Mesarovic and
Fleck (1999). The present discussion thus shows that the hard-
ness decay explicitly denotes development of a perfect-plastic-
ity dominated response, that according to the present
simulations eludes reproduction under large-strain deforma-
tion plasticity where hardness remains constant with penetra-
tion as prescribed by Eq. (1) at n = 0.Table A1
Simulations performed with the ﬂow and deformation theories (E = 200 GPa). Material pro
J2-ﬂow theory
l = 0; Large strainsa,b l = 0.05; Large stra
All 54 combinations of n = 0, 0.05, 0.10, 0.15, 0.20, 0.25, 0.30,
0.40, 0.60 and E/r0.1 = 50, 67, 100, 167, 400, 1000
0, 167; 0.05, 167;
1000; 0.20, 400; 0
l = 0; Large strains l = 0.15; Large stra
Parabolic tipc 0.05, 1000; 0.10, 400; 0.10, 1000; 0.20, 400; 0.40,
1000; 0.60, 400
0.167; 0.05, 167; 0
1000; 0.20, 400; 0
J2-deformation theory
l = 0; Large strains
0, 167; 0, 400; 0, 1000; 0.05, 67; 0.05, 167; 0.05, 1000; 0.10, 167; 0.10, 1000; 0.10, 10
0.20, 104; 0.25, 67; 0.25, 400; 0.30, 50; 0.30, 1000; 0.40, 20; 0.40, 100, 0.40, 1000;
l = 0; Large strains
Parabolic tipc 0.05, 1000; 0.10, 400; 0.10, 1000; 0.20, 400; 0.40, 1000; 0.60, 400
a The following combinations were also simulated for E = 70 GPa: 0.05,167; 0.05, 400
b Indenter diameter of 0.17 
 D was also employed for 0, 400; 0, 1000; 0.05, 400; 0.0
c Simulations performed with a best-ﬁt parabolic indenter with a nearly identical sha
Table B1
Parameters for Eq. (10).
a/D A(n) = a0 + a1n + a2n2 B D(n) = d0 + d1n + d2n2 + d3n3 + d4n4 K (n) =
a0 a1 a2 d0 d1 d2 d3 d4 k0
0.025 3.137 7.378 5.510 20 0.178 0.090 0.150 3.325
0.050 2.940 4.646 2.437 0.850 0.772 1.033 0.435 17.726 24.411 0.011
0.075 2.921 3.438 1.259 0.583 1.265 2.601 1.452 0.027
0.100 2.906 2.626 0.614 0.547 0.935 1.617 0.778 0.039
0.125 2.833 1.823 0.141 0.619 1.644 4.248 3.796 0.047
0.150 2.818 1.315 0.006 0.600 0.749 2.706 4.990 3.980 0.0596. The role of the strain hardening behavior upon the active con-
tact regime is strongly dependent on the imposed a/D. At small
values of a/D < 0.05 and for mild strain hardening solids
n < 0.15, an enhancement of strain hardening brings about a
smoothening of the stress–strain curve at rys. This reduces
the inhomogeneity of the stress–strain relation, so that plas-
tic-similarity is favored leading to the attainment of a fully-
plastic contact regime. Under stronger strain hardening
n > 0.20 and larger penetrations of a/D > 0.05, and increase in
n results in an overall stiffening of the indentation behavior that
approaches linear-elastic contact mechanics analyses in the
limit of n? 1. This therefore favors development of the elas-
to-plastic contact regime in contrast to the above assertion for
n < 0.15. In addition, at larger values of n > 0.4, a fully-plastic
regime characterized by material sinking-in is reached. At such
marked hardening, the indentation behavior is less affected by
the presence of a non-vanishing rys, so that the experiment
becomes in accordance with the behavior of rigid-strain hard-
ening material responses. The boundaries depicted in Fig. 2
are instrumental in describing the role of the strain hardening
coefﬁcient n upon the transition from elasto-plasticity to full-
plasticity. The present ﬁndings consequently show that under
ﬂow theory simulations, the fully-plastic indentation regime
breaks-down into three responses: one where material pileupperties for each simulation are denoted as (n, E/r0.1) pairs.
ins l = 0.10; Large strains
0.05, 400; 0.20, 100; 0.10,
.60, 400; 0.60, 1000
0, 167; 0.05, 167; 0.05, 400; 0.20, 100; 0.10,
1000; 0.20, 400; 0.60, 400; 0.60, 1000
ins l = 0; Small strains
.05, 400; 0.20, 100; 0.10,
.60, 400; 0.60, 1000
0, 400; 0.05, 400; 0.05, 1000; 0.10, 1000; 0.20,
400; 0.20, 104; 0.40, 1000; 0.60, 1000
l = 0.15; Large strains
4; 0.15, 400; 0.20, 400;
0.60, 400
0.167; 0.05, 167; 0.05, 400; 0.20, 100, 0.20, 400; 0.60,
400; 0.60, 1000
l = 0; Small strains
0, 400; 0.05, 400; 0.05, 1000; 0.10, 1000; 0.20, 400;
0.20, 104; 0.40, 1000; 0.60, 1000
; 0.10,67; 0.10,1000; 0.20,100; 0.20,400; 0.30,167; 0.40,50; 0.40,1000; 0.60,400.
5, 1000; 0.10, 1000.
pe to the spherical tip for a/D < 0.05.
k0 + k1n + k2n2 + k3n3 + k4n4 + k5n5 + k6n6 + k7n7 + k8n8 + k9n9
k1 k2 k3 k4 k5 k6 k7 k8 k9
58.428 518.785 5628.760 6013.652
0.013 0.145 0.998 0.945 1.694 0.049 2.873 3.295 4.327
0.023 0.361 1.008 1.467
0.155 1.081 6.59579 6.146
0.293 2.360 10.224 6.026
0.208 0.933 3.291 2.923
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Fig. C1. Highly-magniﬁed versions of the elasto-plastic contact regime in Fig. 2.
2730 J. Alcalá, D. Esqué-de los Ojos / International Journal of Solids and Structures 47 (2010) 2714–2732is enforced, another characterized by the attainment of material
sinking-in at greater n values, and the perfect-plasticity gov-
erned hardness decay.7. Detailed analysis of the pileup and sinking-in responses as well
as of the hardness evolutions measured experimentally in
model metallic materials, show that ﬁnite element simulations
J. Alcalá, D. Esqué-de los Ojos / International Journal of Solids and Structures 47 (2010) 2714–2732 2731under the ﬂow theory with a Coulomb’s friction coefﬁcient
l  0.07 provide a more accurate description to indentation
experiments than deformation plasticity, specially at n < 0.3.
Nevertheless, the ﬁnding of the perfect-plasticity dominated
hardness decay from ﬂow theory analysis deﬁes experimental
conﬁrmation. In this context, a discussion is given in the paper
concerning the potential of deformation plasticity in better cap-
turing the inﬂuence of possible yield surface elongations
(occurring in work-hardened metals) upon hardness
measurements.
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